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Abstract. In this paper we study some products related to quadratic residues
and quartic residues modulo primes. Let p be an odd prime and let A be any
integer. We determine completely the product
fp(A) :=
∏
16i,j6(p−1)/2
p∤i2−Aij−j2
(i2 −Aij − j2)
modulo p; for example, if p ≡ 1 (mod 4) then
fp(A) ≡


−(A2 + 4)(p−1)/4 (mod p) if (A
2+4
p
) = 1,
(−A2 − 4)(p−1)/4 (mod p) if (A
2+4
p
) = −1,
where ( ·
p
) denotes the Legendre symbol. We also determine
(p−1)/2∏
i,j=1
p∤2i2+5ij+2j2
(
2i2 + 5ij + 2j2
)
and
(p−1)/2∏
i,j=1
p∤2i2−5ij+2j2
(
2i2 − 5ij + 2j2
)
modulo p.
1. Introduction
For n ∈ Z+ = {1, 2, 3, . . .} and x = a/b with a, b ∈ Z, b 6= 0 and gcd(b, n) =
1, we let {x}n denote the unique integer r ∈ {0, . . . , n−1} with r ≡ x (mod n)
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(i.e., a ≡ br (mod n)). The well-known Gauss Lemma states that for any odd
prime p and integer x 6≡ 0 (mod p) we have
(
x
p
)
= (−1)|{16k<p/2: {kx}p>p/2}|,
where ( ·p ) is the Legendre symbol. This was extended to Jacobi symbols by M.
Jenkins [J] in 1867, who showed that for any positive odd integer n and integer
x with gcd(x, n) = 1 we have
(x
n
)
= (−1)|{16k<n/2: {kx}n>n/2}|, (1.1)
where ( ·n ) is the Jacobi symbol.
Let p be an odd prime, and let a, b, c ∈ Z, ∆ = b2 − 4ac and
Sp(a, b, c) :=
∏
16i<j6p−1
p∤ai2+bij+cj2
(ai2 + bij + cj2). (1.2)
By Sun [S19b, Theorem 1.2(ii)], if ac(a+ b+ c) 6≡ 0 (mod p) then
Sp(a, b, c) ≡
{
(a(a+b+c)p ) (mod p) if p | ∆,
−(ac(a+b+c)∆p ) (mod p) if p ∤ ∆.
In the case p | ac(a+ b+ c), by Sun [S19b, parts (iii) and (iv) of Theorem 1.2],
we have
Sp(a, b, c) ≡


(−1)(p+1)/2(a
p
) (mod p) if p ∤ ac, p | a− c and p | a+ b+ c,
(−1)Np(a/c)( 2c(a−c)p ) (mod p) if p ∤ ac(a− c) and p | a+ b+ c,
−( bp ) (mod p) if p | a, p ∤ b and p | c,
−( cp ) (mod p) if p | a, p ∤ bc and p | b+ c,
(−1)Np(−c/b)( 2p ) (mod p) if p | a and p ∤ bc(b+ c),
(−1)(p+1)/2( c
p
) (mod p) if p | a, p | b and p ∤ c,
(−1)(p+1)/2(a
p
) (mod p) if p ∤ a, p | b and p | c,
(−1)(p+1)/2( bp ) (mod p) if p ∤ ab, p | a+ b and p | c,
(−1)Np(−a/b)( 2p ) (mod p) if p ∤ ab(a+ b) and p | c,
where Np(x) := |{1 6 k < p/2 : {kx}p > k}| for any rational p-adic integer
x. Does (−1)Np(x) have a simple closed form? This is answered in our first
theorem.
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Theorem 1.1. Let n be a positive odd integer, and let x ∈ Z with gcd(x(1 −
x), n) = 1. Then
(−1)|{16k<n/2: {kx}n>k}| =
(
2x(1− x)
n
)
. (1.3)
Also,
(−1)|{16k<n/2: {kx}n>n/2 & {k(1−x)}n>n/2}| =
(
2
n
)
, (1.4)
(−1)|{16k<n/2: {kx}n<n/2 & {k(1−x)}n<n/2}| =
(
2x(x− 1)
n
)
,
(1.5)
and
(−1)|{16k<n/2: {kx}n>n/2>{k(1−x)}n}| =
(
2x
n
)
. (1.6)
Combining Theorem 1.1 with parts (iii) and (iv) of [S19b, Theorem 1.2], we
immediately get the following result.
Corollary 1.1. Let p be an odd prime. Let a, b, c ∈ Z and define Sp(a, b, c) as
in (1.2). Then
Sp(a, b, c) ≡


(−acp ) (mod p) if p ∤ ac(a− c) and p | a+ b+ c,
(−c(b+c)
p
) (mod p) if p | a and p ∤ bc(b+ c),
(−a(a+b)p ) (mod p) if p ∤ ab(a+ b) and p | c.
(1.7)
Now we state our second theorem.
Theorem 1.2. Let p be any odd prime, and let a, b ∈ Z with ab ≡ −1 (mod p).
Set
{a, b}p :=
(p−1)/2∏
i,j=1
i 6≡aj,bj (mod p)
(i− aj)(i− bj). (1.8)
(i) We have
−{a, b}p ≡
{
(a−b
p
) (mod p) if p ≡ 1 (mod 4) & p ∤ a− b,
(a(a−b)
p
) = (a
2+1
p
) (mod p) if p ≡ 3 (mod 4).
(1.9)
(ii) If a ≡ b (mod p) and p ≡ 1 (mod 8), then
{a, b}p ≡ (−1)(p+7)/8 p− 1
2
! (mod p).
If p ≡ 5 (mod 8) and a ≡ b ≡ (−1)k((p− 1)/2)! (mod p) with k ∈ {0, 1}, then
{a, b}p ≡ (−1)k+(p−5)/8 (mod p).
Clearly, part (ii) of Theorem 1.2 implies the following result.
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Corollary 1.2. Let p ≡ 1 (mod 4) be a prime, and let A be an integer with
A2+4 ≡ 0 (mod p), i.e., A/2 ≡ (−1)k((p−1)/2)! (mod p) for some k ∈ {0, 1}.
Then
(p−1)/2∏
i,j=1
p∤i2−Aij−j2
(i2−Aij−j2) ≡
{
(−1)(p+7)/8((p− 1)/2)! (mod p) if p ≡ 1 (mod 8),
(−1)k+(p−5)/8 (mod p) if p ≡ 5 (mod 8).
(1.10)
To determine
(p−1)/2∏
i,j=1
p∤i2−Aij−j2
(i2 − Aij − j2) (mod p)
for any odd prime p and integer A with A2 + 4 6≡ 0 (mod p), we need certain
Lucas sequences.
For any A ∈ Z, we define the Lucas sequences {un(A)}n>0 and {vn(A)}n>0
by
u0(A) = 0, u1(A) = 1, and un+1(A) = Aun(A) + un−1(A) for n = 1, 2, 3, . . . ,
and
v0(A) = 2, v1(A) = A, and vn+1(A) = Avn(A) + vn−1(A) for n = 1, 2, 3, . . . .
It is well known that
un(A) =
αn − βn
α− β and vn(A) = α
n + βn
for all n ∈ N = {0, 1, 2, . . .}, where
α =
A+
√
A2 + 4
2
and β =
A−√A2 + 4
2
.
Thus (
A±√A2 + 4
2
)n
=
vn(A)± un(A)
√
A2 + 4
2
for all n ∈ N. (1.11)
It is also known (cf. [S10, Lemma 2.3]) that for any odd prime p not dividing
∆ = A2 + 4 we have
u(p−(∆p )/2
(A)v(p−(∆p ))/2
(A) = up−(∆p )
(A) ≡ 0 (mod p). (1.12)
As a supplement to Corollary 1.2, we have the following result.
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Theorem 1.3. Let p be an odd prime and let A ∈ Z with A2+4 6≡ 0 (mod p).
(i) When (A
2+4
p ) = 1, we have
(p−1)/2∏
i,j=1
p∤i2−Aij−j2
(i2 − Aij − j2)
≡
{ −(A2 + 4)(p−1)/4 (mod p) if p ≡ 1 (mod 4),
−(A2 + 4)(p+1)/4u(p−1)/2(A)/2 (mod p) if p ≡ 3 (mod 4).
(1.13)
(ii) When (A
2+4
p ) = −1, we have
(p−1)/2∏
i,j=1
(i2 − Aij − j2)
≡
{
(−A2 − 4)(p−1)/4 (mod p) if p ≡ 1 (mod 4),
(−A2 − 4)(p+1)/4u(p+1)/2(A)/2 (mod p) if p ≡ 3 (mod 4).
(1.14)
Corollary 1.3. Let p be any odd prime and let A ∈ Z with p ∤ A2+4. If p ≡ 1
(mod 4) or (A
2+4
p
) = 1, then
(p−1)/2∏
i,j=1
p∤i2+Aij−j2
(i2 + Aij − j2) ≡
(p−1)/2∏
i,j=1
p∤i2−Aij−j2
(i2 −Aij − j2) (mod p).
If p ≡ 3 (mod 4) and (A2+4p ) = −1, then
(p−1)/2∏
i,j=1
p∤i2+Aij−j2
(i2 + Aij − j2) ≡ −
(p−1)/2∏
i,j=1
p∤i2−Aij−j2
(i2 −Aij − j2) (mod p).
Let p be a prime with p ≡ 1 (mod 4). Recall that an integer a not divisible
by p is a quartic residue modulo p (i.e., z4 ≡ a (mod p) for some z ∈ Z) if
and only if a(p−1)/4 ≡ 1 (mod p). Note that p = x2 + 4y2 for some x, y ∈ Z.
Dirichlet proved that 2 is a quartic residue modulo p if and only if 4 | y (cf.
Exer. 28 of [IR, p. 64]). In 1982 K. S. Williams and J. D. Currie [WD, (1.4)]
showed that
2(p−1)/4 ≡ (−1)|{16k<p4 : ( kp )=−1}| ×
{
1 (mod p) if p ≡ 1 (mod 8),
p−1
2
! (mod p) if p ≡ 5 (mod 8).
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By Dirichlet’s class number formula,
p− 1
2
− 4
∣∣∣∣
{
1 6 k <
p
4
:
(
k
p
)
= −1
}∣∣∣∣ = h(−4p),
where h(d) with d ≡ 0, 1 (mod 4) denotes the class number of the quadratic
field with discriminant d. In 1905, Lerch (cf. [HW]) proved that
h(−3p) = 2
∑
16k<p/3
(
k
p
)
.
By [WD, Lemma 14],
(−3)(p−1)/4 ≡
{
(−1)h(−3p)/4 (mod p) if p ≡ 1 (mod 12),
(−1)(h(−3p)−2)/4 p−12 ! (mod p) if p ≡ 5 (mod 12).
Thus, if p ≡ 1 (mod 12) then
(−3)(p−1)/4 ≡ (−1) 12
∑(p−1)/3
k=1 ((
k
p )−1)+
p−1
6 = (−1)|{16k<p3 : ( kp )=−1}| (mod p);
similarly, if p ≡ 5 (mod 12) then
(−3)(p−1)/4 ≡ (−1)|{16k<p3 : ( kp )=−1}| p− 1
2
! (mod p).
Theorem 1.3 has the following consequence.
Corollary 1.4. Let p be an odd prime.
(i) We have
(p−1)/2∏
i,j=1
p∤i2−(i+j)j
(i2 − (i+ j)j) ≡
{ −5(p−1)/4 (mod p) if p ≡ 1, 9 (mod 20),
(−1)⌊(p−5)/10⌋ (mod p) if p ≡ 11, 19 (mod 20),
(1.15)
and
(p−1)/2∏
i,j=1
(i2 − (i+ j)j) ≡
{
(−1)⌊(p−10)/20⌋ (mod p) if p ≡ 3, 7 (mod 20),
(−5)(p−1)/4 (mod p) if p ≡ 13, 17 (mod 20).
(1.16)
(ii) We have
(p−1)/2∏
i,j=1
p∤i2−(2i+j)j
(i2−(2i+j)j) ≡
{ −2(p−1)/4 (mod p) if p ≡ 1 (mod 8),
(−1)(p−7)/8 (mod p) if p ≡ 7 (mod 8), (1.17)
and
(p−1)/2∏
i,j=1
(i2 − (2i+ j)j) ≡
{
(−1)(p−3)/8 (mod p) if p ≡ 3 (mod 8),
2(p−1)/4 (mod p) if p ≡ 5 (mod 8). (1.18)
Now we state our fourth theorem.
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Theorem 1.4. Let p > 3 be a prime and let δ ∈ {±1}. If p ≡ 1 (mod 4), then
(p−1)/2∏
i,j=1
p∤2i2+δ5ij+2j2
(
2i2 + δ5ij + 2j2
) ≡ (−1)⌊(p+11)/12⌋ (mod p). (1.19)
When p ≡ 3 (mod 4), we have
(p−1)/2∏
i,j=1
p∤2i2+δ5ij+2j2
(
2i2 + δ5ij + 2j2
) ≡ (6
p
)
δ2δ
3δ
(
(p− 3)/2
(p− 3)/4
)−2δ
(mod p). (1.20)
It is known that (cf. [S19b, (1.6) and (1.7)]) for any odd prime p we have
∏
16i<j6(p−1)/2
p∤i2+j2
(i2 + j2) ≡
{
(−1)⌊(p−5)/8⌋ (mod p) if p ≡ 1 (mod 4),
(−1)⌊(p+1)/8⌋ (mod p) if p ≡ 3 (mod 4).
Motivated by this, we obtain the following result.
Theorem 1.5. Let p be an odd prime and let δ ∈ {±1}. Then
∏
16i<j6(p−1)/2
(
j + δi
p
)
=


(−1)|{0<k< p4 : ( kp )=δ}| if p ≡ 1 (mod 4),
(−1)(p−3)/8 if p ≡ 3 (mod 8),
(−1)(p+1)/8+(h(−p)+1)/2 if p ≡ 7 (mod 8).
(1.21)
We are going to show Theorems 1.1-1.2 in the next section, and prove The-
orem 1.3 and Corollaries 1.3-1.4 in Section 3. Theorems 1.4-1.5 will be proved
in Section 4. We will pose some related conjectures in Section 5.
2. Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1. For each k = 1, . . . , (n− 1)/2, we have
⌊
kx
n
⌋
−
⌊
k(x− 1)
n
⌋
=
{
0 if {kx}n > k,
1 if {kx}n < k.
Thus
∣∣∣{1 6 k < n
2
: {kx}n > k
}∣∣∣ = n− 1
2
−
(n−1)/2∑
k=1
(⌊
kx
n
⌋
−
⌊
k(x− 1)
n
⌋)
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and hence
(−1)|{16k<n/2: {kx}n>k}|
(−1
n
)
=(−1)
∑(n−1)/2
k=1 ⌊kx/n⌋+
∑(n−1)/2
k=1 ⌊k(x−1)/n⌋
=(−1)(
∑(n−1)/2
k=1
(2x−1)k−
∑(n−1)/2
k=1
{kx}n−
∑(n−1)/2
k=1
{k(x−1)}n)/n
=(−1)(n2−1)/8(−1)
∑(n−1)/2
k=1 {kx}n+
∑(n−1)/2
k=1 {k(x−1)}n .
As {kx}n ≡ 1 + n− {kx}n (mod 2) for all k = 1, . . . , (n− 1)/2, we have
(n−1)/2∑
k=1
{kx}n ≡
(n−1)/2∑
k=1
{kx}n<n/2
{kx}n +
(n−1)/2∑
k=1
{kx}n>n/2
(1 + (n− {kx}n))
=
(n−1)/2∑
k=1
{kx}n>n/2
1 +
(n−1)/2∑
r=1
r
=
∣∣∣{1 6 k < n
2
: {kx}n > n
2
}∣∣∣+ n2 − 1
8
(mod 2).
and hence
(−1)
∑(n−1)/2
k=1
{kx}n =
(x
n
)( 2
n
)
=
(
2x
n
)
with the help of (1.1). Similarly,
(−1)
∑(n−1)/2
k=1 {k(x−1)}n =
(x
n
)( 2
n
)
=
(
2(x− 1)
n
)
.
In view of the above, we obtain
(−1)|{16k<n/2: {kx}n>k}| =
(−2
n
)
(−1)
∑(n−1)/2
k=1 {kx}n(−1)
∑(n−1)/2
k=1 {k(x−1)}n
=
(−2
n
)(
2x
n
)(
2(x− 1)
n
)
=
(
2x(1− x)
n
)
.
This proves (1.3).
When 1 6 k < n/2 and {kx}n < n/2, we clearly have
{kx}n > k ⇐⇒ {k(1− x)}n > n
2
.
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Thus ∣∣∣{1 6 k < n
2
: {kx}n > k
}∣∣∣− ∣∣∣{1 6 k < n
2
: {kx}n > n
2
}∣∣∣
=
∣∣∣{1 6 k < n
2
: {kx}n < n
2
< {k(1− x)}n
}∣∣∣
=
∣∣∣{1 6 k < n
2
: {k(1− x)}n > n
2
}∣∣∣
−
∣∣∣{1 6 k < n
2
: {kx}n > n
2
& {k(1− x)}n > n
2
}∣∣∣ ,
and hence by (1.1) and (1.3) we get
(−1)|{16k<n/2: {kx}n>n/2 & {k(1−x)}n>n/2}|
=(−1)|{16k<n/2: {kx}n>k}|
(x
n
)(1− x
n
)
=
(
2
n
)
.
This proves (1.4).
In view of (1.1) and (1.4), we also have
(−1)|{16k<n/2: {kx}n>n/2>{k(1−x)}n}|
=(−1)|{16k<n/2: {kx}n>n/2}|−||{16k<n/2: {kx}n>n/2 & {k(1−x)}n>n/2}|
=
(x
n
)( 2
n
)
=
(
2x
n
)
.
This proves (1.6).
By (1.4) and (1.6), we have(
2
n
)
(−1)|{16k<n/2: {kx}n<n/2 & {k(1−x)}n<n/2}|
=(−1)|{16k<n/2: ({kx}n−n/2)({k(1−x)}n−n/2)>0}|
=(−1)(n−1)/2−|{16k<n/2: {kx}n>n/2>{k(1−x)}n or {k(1−x)}n>n/2>{kx}n}|
=
(−1
n
)(
2x
n
)(
2(1− x)
n
)
=
(
x(x− 1)
n
)
.
So (1.5) also holds.
The proof of Theorem 1.1 is now complete. 
Lemma 2.1. Let p be any odd prime. Then(
p− 1
2
!
)2
≡ (−1)(p+1)/2 (mod p), (2.1)
and ∏
16i<j6(p−1)/2
(j2 − i2) ≡
{ −((p− 1)/2)! (mod p) if p ≡ 1 (mod 4),
1 (mod p) if p ≡ 3 (mod 4). (2.2)
Remark 2.1. (2.1) is an easy consequence of Wilson’s theorem. (2.2) is also
known, see [S19a, (1.5)] and its few-line proof there.
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Lemma 2.2. Let p be a prime with p ≡ 1 (mod 4). Then∣∣∣∣∣
{
1 6 k 6
p− 1
2
:
{
k × p− 1
2
!
}
p
>
p
2
}∣∣∣∣∣ = p− 14 . (2.3)
Proof. Let a = ((p − 1)/2)!. Then a2 ≡ −1 (mod p) by (2.1). For any k =
1, . . . , (p−1)/2, there is a unique integer k∗ ∈ {1, . . . , (p−1)/2} congruent to ak
or −ak modulo p. Note that k∗ 6= k since a 6≡ ±1 (mod p). If {ak}p > p/2 then
{ak∗}p = {a(−ak)}p = k < p/2; if {ak}p < p/2 then {ak∗}p = {a(ak)}p =
p−k > p/2. So, exactly one of {ak}p and {ak∗}p is greater than p/2. Therefore
(2.3) holds. 
Remark 2.2. In view of Gauss’ Lemma, Lemma 2.2 is stronger than the fact
that ( ((p−1)/2)!p ) = (
2
p ) for any prime p ≡ 1 (mod 4) (cf. [S19a, Lemma 2.3]).
Proof of Theorem 1.2. Observe that
(p−1)/2∏
i,j=1
p∤i2−j2
(i2 − j2) =
∏
16i<j6(p−1)/2
(i2 − j2)(j2 − i2)
=(−1)((p−1)/22 )
∏
16i<j6(p−1)/2
(j2 − i2)2
and hence
(p−1)/2∏
i,j=1
p∤i2−j2
(i2 − j2) ≡ −
(
2
p
)
(mod p). (2.4)
with the help of Lemma 2.1.
When a ≡ ±1 (mod p), we have b ≡ ∓1 6≡ a (mod p) and hence
{a, b}p ≡ −
(
2
p
)
=
{ −(a−bp ) (mod p) if p ≡ 1 (mod 4),
−(a2+1
p
) (mod p) if p ≡ 3 (mod 4).
So (1.9) holds in the case a ≡ ±1 (mod p).
Below we assume that a 6≡ ±1 (mod p). As ab ≡ −1 (mod p), we have
{a, b}p =
(p−1)/2∏
i,j=1
i 6≡aj,bj (mod p)
(i− aj)×
(p−1)/2∏
i,j=1
j 6≡ai,bi (mod p)
(j − bi)
≡
(p−1)/2∏
i,j=1
p∤(i−aj)(j+ai)
(i− aj)×
(p−1)/2∏
i,j=1
p∤(i+aj)(j−ai)
i+ aj
a
(mod p).
(2.5)
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(i) If p ≡ 3 (mod 4), then (−1p ) = −1 and hence a 6≡ b (mod 4). Now we
show (1.9) under the assumption a 6≡ b (mod p). Note that a2 6≡ ±1 (mod p).
For 1 6 i, j 6 (p− 1)/2, we cannot have i2 − a2j2 ≡ j2 − a2i2 ≡ 0 (mod p).
Thus ∣∣∣∣
{
(i, j) : 1 6 i, j 6
p− 1
2
& p ∤ (i+ aj)(j − ai)
}∣∣∣∣
=
(
p− 1
2
)2
−
∣∣∣∣
{
(i, j) : 1 6 i, j 6
p− 1
2
& p | i+ aj
}∣∣∣∣
−
∣∣∣∣
{
(i, j) : 1 6 i, j 6
p− 1
2
& p | j − ai
}∣∣∣∣
=
(
p− 1
2
)2
−
∣∣∣∣
{
1 6 j 6
p− 1
2
: {aj}p > p
2
}∣∣∣∣
−
∣∣∣∣
{
1 6 i 6
p− 1
2
: {ai}p < p
2
}∣∣∣∣
=(p− 1)p− 1
4
− p− 1
2
=
p− 1
2
· p+ 1
2
− (p− 1)
and hence
a|{(i,j): 16i,j6(p−1)/2 & p∤(i+aj)(j−ai)}| ≡ (a(p−1)/2)(p+1)/2 ≡
(
a
p
)(p+1)/2
(mod p).
Combining this with (2.5), we obtain(
a
p
)(p+1)/2
{a, b}p
≡
(p−1)/2∏
i,j=1
p∤(i2−a2j2)(j2−a2i2)
(i2 − a2j2)×
(p−1)/2∏
i,j=1
i≡aj (mod p)
(i+ aj)×
(p−1)/2∏
i,j=1
i≡−aj (mod p)
(i− aj)
×
(p−1)/2∏
i,j=1
j−ai≡−a(i+bj)≡0 (mod p)
(i− aj)×
(p−1)/2∏
i,j=1
j+ai≡a(i−bj)≡0 (mod p)
(i+ aj)
≡
(p−1)/2∏
i,j=1
p∤i2−a2j2
(i2 − a2j2)
/ (p−1)/2∏
i,j=1
p|j2−a2i2
(i2 − a2j2)
× (−1)|{16j6(p−1)/2: {aj}p>p/2}|
(p−1)/2∏
j=1
(2aj)
× (−1)|{16j6(p−1)/2: {bj}p>p/2}|
(p−1)/2∏
j=1
(bj + aj) (mod p)
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Thus, by using (2.4) and Gauss’ Lemma, we see that
(
a
p
)(p+1)/2
{a, b}p ≡
(p−1)/2∏
i,k=1
p∤i2−k2
(i2 − k2)
/ (p−1)/2∏
i=1
(i2 − a2(a2i2))
×
(
ab
p
)
(2a(a+ b))(p−1)/2
(
p− 1
2
!
)2
≡−
(
2
p
)(−1
p
)(
2(a2 − 1)(1− a4)
p
)
=−
(
a2 + 1
p
)
= −
(
a2 − ab
p
)
(mod p).
This proves (1.9).
(ii) Now we come to show part (ii) of Theorem 1.2. Assume that a ≡ b
(mod 4). Then a2 ≡ ab ≡ −1 (mod p) and hence p ≡ 1 (mod 4). As j ± ai ≡
±a(i∓ aj) (mod p), by (2.5) we have
{a, b}p ≡a−|{(i,j): 16i,j6(p−1)/2 & p∤i+aj}|
(p−1)/2∏
i,j=1
p∤i−aj
(i− aj)×
(p−1)/2∏
i,j=1
p∤i+aj
(i+ aj)
≡a−(p−1)2/4+|{(i,j): 16i,j6(p−1)/2 & p|i+aj}|
(p−1)/2∏
i,j=1
p∤i2−(aj)2
(i2 − (aj)2)
×
(p−1)/2∏
i,j=1
p|i−aj
(i+ aj)×
(p−1)/2∏
i,j=1
p|i+aj
(i− aj)
≡a|{(i,j): 16i,j6(p−1)/2 & p|i+aj}|
(p−1)/2∏
i,k=1
p∤i2−k2
(i2 − k2)
× (−1)|{16j6(p−1)/2: {aj}p>p/2}|
(p−1)/2∏
j=1
(2aj). (mod p)
Applying (2.4) and Gauss’ Lemma, from the above we get
{a, b}p ≡a|{16j6(p−1)/2: {aj}p>p/2}| ×
(
−
(
2
p
))(
a
p
)
(2a)(p−1)/2
p− 1
2
!
≡− p− 1
2
!× a|{16j6(p−1)/2: {aj}p>p/2}| (mod p).
(2.6)
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As a2 ≡ −1 ≡ ((p− 1)/2)!)2, we have a ≡ (−1)k((p− 1)/2)! (mod p) for some
k ∈ {0, 1}. In view of Lemma 2.2,∣∣∣∣∣
{
1 6 j 6
p− 1
2
:
{
−p− 1
2
! j
}
p
>
p
2
}∣∣∣∣∣
=
∣∣∣∣∣
{
1 6 j 6
p− 1
2
:
{
p− 1
2
! j
}
p
<
p
2
}∣∣∣∣∣ = p− 14 .
Hence
a|{16j6(p−1)/2: {aj}p>p/2}|
=a(p−1)/4 = (−1)k(p−1)/4
(
p− 1
2
!
)(p−1)/4
≡
{
( p−12 !)
2(p−1)/8 ≡ (−1)(p−1)/8 (mod p) if p ≡ 1 (mod 8),
(−1)k p−1
2
!( p−1
2
!)2(p−5)/8 ≡ (−1)k+(p−5)/8 p−1
2
! (mod p) if p ≡ 5 (mod 8).
Combining this with (2.6) we immediately obtain the desired results in Theorem
1.2(ii).
In view of the above, we have completed the proof of Theorem 1.2. 
3. Proofs of Theorem 1.3 and Corollaries 1.3-1.4
Lemma 3.1. Let A ∈ Z and let p be an odd prime not dividing ∆ = A2 + 4.
Then
p | v(p−(∆p ))/2(A) ⇐⇒
(−1
p
)
= −1. (3.1)
Remark 3.1. This is a known result, see, e.g. (IV.23) of [R, Chapter 2].
Proof of Theorem 1.3(i). Let ∆ = A2 + 4. As (∆
p
) = 1, we have d2 ≡ ∆ for
some d ∈ Z with p ∤ d. Choose integers a and b such that
a ≡ A+ d
2
(mod p) and b ≡ A− d
2
(mod p).
Then a + b ≡ A (mod p) and ab ≡ (A2 − d2)/4 ≡ −1 (mod p). Thus, for any
i, j ∈ Z we have
i2 − Aij − j2 ≡ (i− aj)(i− bj) (mod p).
If p ≡ 1 (mod 4), then
(A2 + 4)(p−1)/4 ≡ d(p−1)/2 ≡ (a− b)(p−1)/2 ≡
(
a− b
p
)
(mod p).
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If p ≡ 3 (mod 4), then(
2d(A+ d)
p
)
=
(
ad
p
)
=
(
a(a− b)
p
)
.
For any positive integer n, clearly
un(A) =
1√
∆
((
A+
√
∆
2
)n
−
(
A−√∆
2
)n)
=
1
2n−1
⌊(n−1)/2⌋∑
k=0
(
n
2k + 1
)
An−1−2k∆k
≡ 1
2n−1
⌊(n−1)/2⌋∑
k=0
(
n
2k + 1
)
An−1−2kd2k
=
1
d
((
A+ d
2
)n
−
(
A− d
2
)n)
(mod p)
and
vn(A) =
(
A+
√
∆
2
)n
+
(
A−√∆
2
)n
=
1
2n−1
⌊n/2⌋∑
k=0
(
n
2k
)
An−2k∆k
≡ 1
2n−1
⌊n/2⌋∑
k=0
(
n
2k
)
An−2kd2k =
(
A+ d
2
)n
+
(
A− d
2
)n
(mod p).
In the case p ≡ 3 (mod 4), we have p | v(p−1)/2(A) by Lemma 3.1, and hence
(
2δ(A+ d)
p
)
≡d(p−1)/2
(
A+ d
2
)(p−1)/2
≡ d(p−1)/2 v(p−1)/2(A) + du(p−1)/2(A)
2
≡ (d2)(p+1)/4 u(p−1)/2(A)
2
≡ ∆(p+1)/4 u(p−1)/2(A)
2
(mod p).
In view of the above, we obtain (1.13) from Theorem 1.2(i). 
Lemma 3.2. Let p be an odd prime, and let A ∈ Z with ∆ = A2 + 4 6≡ 0
(mod p). If p ≡ 1 (mod 4), then
u(p+(∆p ))/2
(A) ≡ ±∆(p−1)/4 (mod p). (3.2)
If p ≡ 3 (mod 4), then
u(p−(∆p ))/2
(A) ≡ ±2∆(p−3)/4 (mod p). (3.3)
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Remark 3.2. This is a known result, see, e.g., [Su, Theorem 4.1].
Proof of Theorem 1.3(ii). Let
∆ = A2 + 4, α =
A+
√
∆
2
and β =
A−√∆
2
.
As x2−Ax− 1 = (x−α)(x−β), both α and β are algebraic integers. Observe
that
(p−1)/2∏
i,j=1
(i2 −Aij − j2)
=
(p−1)/2∏
i,j=1
(i− αj)(i− βj) =
(p−1)/2∏
i,j=1
(i− αj)×
(p−1)/2∏
i,j=1
(j − βi)
=
(p−1)/2∏
i,j=1
(i− αj)×
(p−1)/2∏
i,j=1
αj + i
α
= α−((p−1)/2)
2
(p−1)/2∏
i,j=1
(i2 − α2j2)
=α−((p−1)/2)
2
(p−1)/2∏
i,j=1
(−j2)
(
α2 − i
2
j2
)
=(−α)−((p−1)/2)2
(
p− 1
2
!
)2 p−12 (p−1)/2∏
j=1
(p−1)/2∏
i=1
(
α2 − i
2
j2
)
and hence
(p−1)/2∏
i,j=1
(i2 − Aij − j2) ≡ β((p−1)/2)2
(p−1)/2∏
k=1
(α2 − k2)(p−1)/2 (mod p)
(in the ring of all algebraic integers) since for any j, k = 1, . . . , (p− 1)/2 there
is a unique i ∈ {1, . . . , (p− 1)/2} congruent to jk or −jk modulo p. Note that
(p−1)/2∏
x=1
(x− k2) ≡ x(p−1)/2 − 1 (mod p).
Thus
(p−1)/2∏
i,j=1
(i2 −Aij − j2) ≡β((p−1)/2)2((α2)(p−1)/2 − 1)(p−1)/2
=β((p−1)/2)
2 (
αp−1 − 1)(p−1)/2
=
(
(−α)(p−1)/2 − β(p−1)/2
)(p−1)/2
(mod p).
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Case 1. p ≡ 1 (mod 4).
In this case,
(p−1)/2∏
i,j=1
(i2 − Aij − j2) ≡
(
α(p−1)/2 − β(p−1)/2
α− β
)(p−1)/2
(α− β)(p−1)/2
=u(p−1)/2(A)
(p−1)/2∆(p−1)/4 (mod p).
As (∆p ) = −1, by Lemma 3.2 we have u(p−1)/2(A) ≡ ±∆(p−1)/4 (mod p) and
hence
u(p−1)/2(A)
(p−1)/2 ≡ ∆ p−12 · p−14 ≡ (−1)(p−1)/4 (mod p).
Therefore
(p−1)/2∏
i,j=1
(i2 − Aij − j2) ≡ (−∆)(p−1)/4 (mod p).
Case 2. p ≡ 3 (mod 4).
In this case,
(p−1)/2∏
i,j=1
(i2 − Aij − j2) ≡−
(
α(p−1)/2 + β(p−1)/2
)(p−1)/2
=− v(p−1)/2(A)(p−1)/2 (mod p).
It is easy to see that 2vn−1(A) = ∆un(A) − Avn(A) for all n = 1, 2, 3, . . . .
Hence
2v(p−1)/2(A) = ∆u(p+1)/2(A)− Av(p+1)/2(A) ≡ ∆u(p+1)/2(A) (mod p)
since v(p+1)/2(A) = v(p−(∆p ))/2
(A) ≡ 0 (mod p) by Lemma 3.1. Thus
(p−1)/2∏
i,j=1
(i2 − Aij − j2) ≡−
(
∆
2
u(p+1)/2(A)
)(p−1)/2
≡u(p+1)/2(A)
2
(
u(p+1)/2(A)
2
)(p−3)/2
(mod p).
As (∆p ) = −1, by Lemma 3.2 we have u(p+1)/2(A) ≡ ±2∆(p−3)/4 (mod p), and
hence
(p−1)/2∏
i,j=1
(i2 − Aij − j2) ≡u(p+1)/2(A)
2
∆
p−3
4 ·
p−3
2 =
u(p+1)/2(A)
2
∆
p+1
2 ·
p+1
4 −(p−1)
≡u(p+1)/2(A)
2
(−∆)(p+1)/4 (mod p).
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In view of the above, we have completed the proof of Theorem 1.3(ii). 
Proof Corollary 1.3. By induction, un(−A) = (−1)n−1un(A) for all n ∈ N.
Thus, when p ≡ 3 (mod 4) we have
u(p−1)/2(−A) = (−1)(p−3)/2u(p−1)/2(A) = u(p−1)/2(A)
and
u(p+1)/2(−A) = (−1)(p−1)/2u(p+1)/2(A) = −u(p+1)/2(A).
Now the desired result follows from Theorem 1.3. 
Proof Corollary 1.4. Note that {un(1)}n>0 is just the Fibonacci sequence
{Fn}n>0. By [SS, Corollary 2(iii)], if p ≡ 3 (mod 4) and ( 5p ) = 1, then
u(p−1)/2(1) = F(p−1)/2 ≡ −2(−1)⌊(p−5)/10⌋5(p−3)/4 (mod p)
and hence
−5(p+1)/4 u(p−1)/2(1)
2
≡ (−1)⌊(p−5)/10⌋5(p+1)/4+(p−3)/4 ≡ (−1)⌊(p−5)/10⌋ (mod p).
Similarly, if p ≡ 3 (mod 4) and ( 5p ) = −1, then
u(p+1)/2(1) = F(p+1)/2 ≡ 2(−1)⌊(p−5)/10⌋5(p−3)/4 (mod p)
and hence
5(p+1)/4
u(p+1)/2(1)
2
≡ (−1)⌊(p−5)/10⌋5(p+1)/4+(p−3)/4 ≡ (−1)⌊(p+5)/10⌋ (mod p).
Therefore Theorem 1.3 with A = 1 yields (1.15) and (1.16).
When p ≡ 1 (mod 4), we obviously have
8(p−1)/4 = 2(p−1)/2+(p−1)/4 ≡
(
2
p
)
2(p−1)/4 = (−2)(p−1)/4 (mod p).
If p ≡ 7 (mod 8), then
u(p−1)/2(2) ≡ (−1)(p+1)/82(p−3)/4 (mod p)
by [Su, (1.7)], and hence
−8(p+1)/4 u(p−1)/2(2)
2
≡− 2(3p+3)/4(−1)(p+1)/82(p−7)/4 ≡ (−1)(p−7)/8 (mod p).
Similarly, if p ≡ 3 (mod 8), then
u(p+1)/2(2) ≡ (−1)(p+5)/82(p−3)/4 (mod p)
by [Su, (1.7)], and hence
(−8)(p+1)/4u(p+1)/2(2)
2
≡− 2(3p+3)/4(−1)(p+5)/82(p−7)/4 ≡ (−1)(p−3)/8 (mod p).
So Theorems 1.3 with A = 2 yields (1.17) and (1.18). This ends the proof. 
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4. Proof of Theorem 1.4
Lemma 4.1. Let p be any odd prime. Then
p− 1
2
!!
(p−1)/2∏
i,j=1
p∤2i+j
(2i+ j) ≡
(−2
p
)
p− 3
2
!!
(p−1)/2∏
i,j=1
p∤2i−j
(2i− j) ≡ ±1 (mod p). (4.1)
Proof. Set
Ap :=
p− 1
2
!!
(p−1)/2∏
i,j=1
p∤2i+j
(2i+ j) and Bp :=
p− 3
2
!!
(p−1)/2∏
i,j=1
p∤2i−j
(2i− j).
Then
ApBp
((p− 1)/2)! ≡
(p−1)/2∏
i,j=1
p∤2i+j
(2i+ j)×
(p−1)/2∏
i,j=1
p∤2i+p−j
(2i+ p− j) =
(p−1)/2∏
i=1
(
1
2i
p−1∏
j=0
p∤2i+j
(2i+ j)
)
≡
(p−1)/2∏
i=1
(p− 1)!
2i
≡
(−2p )
((p− 1)/2)! (mod p)
and hence
ApBp ≡
(−2
p
)
(mod p). (4.2)
On the other hand,
Bp
((p− 3)/2)!! =
(p−1)/2∏
i,j=1
p∤2(
p+1
2
−i)−j
(
2
(
p+ 1
2
− i
)
− j
)
≡
(p−1)/2∏
i,j=1
p∤2i+j−1
(1− j − 2i) =
(p−1)/2∏
i=1
−2i
(−(p− 1)/2− 2i)∗
(p−1)/2∏
j=1
p∤j+2i
(−j − 2i)
≡ (−2)
(p−1)/2((p− 1)/2)!∏
16i<p/2
4i 6=p+1
((p+ 1)/2− 2i)
(p−1)/2∏
i,j=1
p∤2i+j
(2i+ j)
× (−1)
∑(p−1)/2
i=1 ((p−1)/2−|{16j6(p−1)/2: p|2i+j}|) (mod p),
where k∗ is 1 or k according as p | k or not. Note that
∏
16i<p/4
(
p+ 1
2
− 2i
)
=
p− 3
2
!!.
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Therefore
(−2
p
)
Bp
Ap
≡ ((p− 1)/2)!
((p− 1)/2)!! ×
∏
(p+1)/4<i<p/2
1
((p+ 1)/2− 2i)
× (−1)((p−1)/2)2−|{16i6(p−1)/2: 2i>p/2}|
≡((p− 3)/2)!!(−1)
((p−1)/2)2−((p−1)/2−⌊(p−1)/4⌋)
(−1)⌊(p−1)/4⌋∏(p+1)/4<i<p/2(2i− (p+ 1)/2) = 1 (mod p),
and hence
Ap ≡
(−2
p
)
Bp (mod p) (4.3)
which gives the first congruence in (4.1).
Combining (4.2) and (4.3), we see that A2p ≡ B2p ≡ 1 (mod p). So (4.1) does
hold. This ends the proof. 
Proof of Theorem 1.4. As 2i2 + δ5ij + 2j2 = (i+ δ2j)(2i+ δj), we have
(p−1)/2∏
i,j=1
p∤2i2+δ5ij+2j2
(2i2 + δ5ij + 2j2) =
(p−1)/2∏
i,j=1
p∤(i+δ2j)(2i+δj)
(i+ δ2j)×
(p−1)/2∏
i,j=1
p∤(i+δ2j)(2i+δj)
(2i+ δj)
=
(p−1)/2∏
i,j=1
p∤(i+δ2j)(2i+δj)
(i+ δ2j)×
(p−1)/2∏
i,j=1
p∤(i+δ2j)(2i+δj)
(2j + δi)
=
(p−1)/2∏
i,j=1
p∤i+δ2j
δ(i+ δ2j)2 ×
(p−1)/2∏
i,j=1
p|j+δ2i
1
δ(i+ δ2j)2
.
(Note that i+ δ2j ≡ j + δ2i ≡ 0 (mod p) for no i, j = 1, . . . , (p− 1)/2.) Thus,
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applying Lemma 4.1 and (2.1) we get
(p−1)/2∏
i,j=1
p∤2i2+δ5ij+2j2
(2i2 + δ5ij + 2j2)
≡δ
|(i,j): 16i,j6(p−1)/2 & p∤i+δ2j}|
((p− 2 + δ)/2)!!2 ×
(p−1)/2∏
i=1
{δ2i}p>p/2
1
δ(i+ δ2(p− 2δi))2
≡δ
((p−1)/2)2−|{16j6(p−1)/2: {δ2j}p>p/2}|
((p− 2 + δ)/2)!!2 ×
(p−1)/2∏
i=1
{δ2i}p>p/2
1
δ(i− 4i)2
≡ δ
(p−1)2/4
((p− 2 + δ)/2)!!2 ×
(p−1)/2∏
i=1
(3i)−1−δ ×
⌊p/4⌋∏
i=1
(3i)2δ
≡ δ
(p−1)2/4
((p− 2 + δ)/2)!!2 ×
32δ⌊p/4⌋⌊p/4⌋!2δ
((p− 1)/2)!1+δ
≡δ(p−1)2/4(−1) p+12 · 1+δ2 32δ⌊p/4⌋
( ⌊p/4⌋!δ
((p− 2 + δ)/2)!!
)2
=(−1)(p+δ)/232δ⌊p/4⌋
( ⌊p/4⌋!δ
((p− 2 + δ)/2)!!
)2
(mod p).
Case 1. p ≡ 1 (mod 4).
In this case,
( ⌊p/4⌋!δ
((p− 2 + δ)/2)!!
)2
=
{
1/2(p−1)/2 if δ = 1,
2(p−1)/2/((p− 1)/2)!2 if δ = −1.
Thus, with the help of (2.1) we have
(−1)(p+δ)/232δ⌊p/4⌋
( ⌊p/4⌋!δ
((p− 2 + δ)/2)!!
)2
≡(−1)(1+δ)/2
(
3
p
)δ (
2
p
)−δ
δ = −
(
6
p
)
= (−1)⌊(p+11)/12⌋ (mod p),
and hence (1.19) follows from the above.
Case 2. p ≡ 3 (mod 4).
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In this case, with the help of (2.1) we have
(−1)(p+δ)/232δ⌊p/4⌋
( ⌊p/4⌋!δ
((p− 2 + δ)/2)!!
)2
≡(−1)(δ−1)/23δ((p−1)/2−1)
(
2(p−3)/4
(p− 1)/2× ((p−3)/2
(p−3)/4
)
)2δ (
p− 1
2
!
)δ−1
≡δ
(
3
p
)
3−δ2δ(p+1)/2
(
(p− 3)/2
(p− 3)/4
)−2δ
≡
(
6
p
)
δ2δ
3δ
(
(p− 3)/2
(p− 3)/4
)−2δ
(mod p),
and hence (1.20) holds.
In view of the above, we have completed the proof. 
Proof of Theorem 1.5. Let n = (p− 1)/2. Clearly,
∏
16i<j6n
(j − i) =
n∏
k=1
k|{16i6n: i+k6n}| =
n∏
k=1
kn−k
and hence ∏
16i<j6n
(
j − i
p
)
=
(
n!
p
)n n∏
k=1
2∤k
(
k
p
)
. (4.4)
Case 1. p ≡ 1 (mod 4).
In this case, n is even, and hence by (4.4) and [S19b, (3.5)] we have
∏
16i<j6n
(
j − i
p
)
=
(
(n− 1)!!
p
)
= (−1)|{0<k<p4 : ( kp )=−1}|.
By (2.2) and [S19a, Lemma 2.3],
∏
16i<j6n
(
j2 − i2
p
)
=
(−n!
p
)
=
(
2
p
)
= (−1)(p−1)/4.
Thus we also have
∏
16i<j6n
(
j + i
p
)
= (−1)(p−1)/4(−1)|{0<k<p4 : ( kp )=−1}| = (−1)|{0<k< p4 : ( kp )=1}|.
So (1.21) holds in this case.
Case 2. p ≡ 3 (mod 4).
In this case, n is odd and
∏
16i<j6n
(
j2 − i2
p
)
= (1p) = 1
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by (2.2). So it suffices to show (1.21) for δ = −1.
In view of (4.4), we have
∏
16i<j6n
(
j − i
p
)
=
(
n!
p
)(
n!!
p
)
=
(
(n− 1)!!
p
)
. (4.5)
If p ≡ 3 (mod 8), then by [S19b, (3.6)] we have
(
(n− 1)!!
p
)
= (−1)⌊(p+1)/8⌋ = (−1)(p−3)/8
and hence (1.21) holds for δ = −1. When p ≡ 7 (mod 8), we have
(
n!
p
)
=
(
(−1)(h(−p)+1)/2
p
)
= (−1)(h(−p)+1)/2 and
(
n!!
p
)
= (−1)(p+1)/8
by Mordell [M] and Sun [S19b, (3.6)] respectively, hence (1.21) with δ = −1
follows from (4.5).
Combining the above, we have finished the proof of (1.21). 
5. Some related conjectures
In this section, we pose some conjectures for further research.
Conjecture 5.1. Let p > 3 be a prime and let δ ∈ {±1}. Then
∏
16i<j6(p−1)/2
p∤2i2+δ5ij+2j2
(
2i2 + δ5ij + 2j2
p
)
=
1
2
(
δ
p
)((−1
p
)
+
(
2
p
)
+
(
6
p
)
−
(p
3
))
.
(5.1)
Remark 5.1. This is motivated by Theorems 1.4-1.5.
Conjecture 5.2. Let p > 3 be a prime. Then
∏
16i<j6(p−1)/2
p∤i2−ij+j2
(
i2 − ij + j2
p
)
=
{ −1 if p ≡ 5, 7 (mod 24),
1 otherwise.
(5.2)
Also,
∏
16i<j6(p−1)/2
p∤i2+ij+j2
(
i2 + ij + j2
p
)
=
{ −1 if p ≡ 5, 11 (mod 24),
1 otherwise.
(5.3)
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Conjecture 5.3. Let p 6= 5 be an odd prime. Then∏
16i<j6(p−1)/2
p∤i2−3ij+j2
(
i2 − 3ij + j2
p
)
=
{ −1 if p ≡ 7, 19 (mod 20),
1 otherwise.
(5.4)
Also, ∏
16i<j6(p−1)/2
p∤i2+3ij+j2
(
i2 + 3ij + j2
p
)
=
{ −1 if p ≡ 19, 23, 27, 31 (mod 40),
1 otherwise.
(5.5)
Conjecture 5.4. Let δ ∈ {±1}.
(i) For any prime p ≡ 1 (mod 12), we have
(p−1)/2∏
i,j=1
p∤i2+δ4ij+j2
(
i2 + δ4ij + j2
) ≡ −3(p−1)/4 (mod p). (5.6)
(ii) For each prime p ≡ 1 (mod 8), we have
(p−1)/2∏
16i<j6(p−1)/2
p∤i2+δ4ij+j2
(
i2 + δ4ij + j2
p
)
=
{
1 if p ≡ 1 (mod 24),
(−1)|{0<k< p4 : ( kp )=−1}| if p ≡ 17 (mod 24).
(5.7)
We also have some other conjectures similar to Conjectures 5.1-5.4.
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